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of one or more functions. While the latter writer studied carefully certain divergent series of special importance with the object of obtaining from the series a yet closer approximation to the function by a species of interpolation, Poincar6 developed the idea of asymptotic representation into a general theory.
To explain this theory * and at the same time to develop certain aspects scarcely considered by Poincarg, I shall start with the genesis of a Taylor's series. Take an interval (0, a) of the positive real axis, and denote by f(x) any real function which is continuous and has ?i + 1 successive derivatives at every point within the interval. No hypothesis need be made concerning the character of the function at the extremities of the interval except to suppose that/(cc),/'(cc), • • •, f(n\x)jn\ have limiting values a0, a19 • • •, an when x approaches the origin. Thus the function at any point within the interval will be represented by Taylor's formula :
f(x) = a0
/v.tH-1
If the function is unlimitedly differentiable and limiting values off(n\x)/n\ exist for all values of n when x approaches 0, the number of terms in the formula can be increased to any assigned value. Thus the function gives rise formally to a series
(1 \                                                       /•»        L   /•»  /v»     |     /y  /v.2    i
uniquely determined by the limiting values of the function and its derivatives.
The converse conclusion, that the series determines uniquely a function fulfilling the conditions above imposed in some small interval ending in the origin, can not, however, be drawn. This is not even the case when the series is convergent. Suppose, for example, that an = 0 for all values of n. Then in addition to
* Cf. Peano, Atti della E. Accad. delle Scienze di Torino, vol. 27 (1891), p. 40 ; reproduced as Anhang III ("Ueber die Taylor* sche Formel") in Genocchi-Peano's Differential- und Inteffral-Eechnung, p. 359. de la m&anique c£kste, vol. 2, p. 1. del Ckrcolo Matematico di Palermo, vol. 2 (1888), p. 197, or see BoreFs Theorie des fonclions, p. 53.
